Introduction {#Sec1}
============

An automata network is a network of entities each equipped with a local update function that changes its state according to the states of neighboring entities. Automata networks have been used to model different kind of networks: gene networks, neural networks, social networks, or network coding (see \[[@CR9]\] and references therein). They can also be considered as a model of distributed computation with various specialized definitions \[[@CR18], [@CR19]\]. The architecture of an automata network can be represented via its interaction graph, which indicates which update functions depend on which variables. An important stream of research is to determine how the interaction graph affects different properties of the network or to design networks with a prescribed interaction graph and with a specific dynamical property (see \[[@CR8]\] for a review of known results). On the other hand, automata networks are usually associated with an update mode describing how local update functions of each entity are applied at each step of the evolution. In particular, three categories of update modes can be distinguished: sequential (one node update at a time), asynchronous (any subset of nodes at a time) or synchronous (all nodes simultaneously). Studying how changing the update mode affects the properties of an automata network with fixed local update functions is another major trend in this field \[[@CR12], [@CR13], [@CR15]\]. Comparing the computational power of sequential and parallel machines is of course at the heart of computer science, but the questioning on update modes is also meaningful for applications of automata networks in modeling of natural systems where the synchronous update mode is often considered unrealistic.

For both parameters (interaction graphs and update modes), the set of properties that could be potentially affected is unlimited. In this paper, instead of choosing a set of properties to analyze, we adopt an intrinsic approach: we study how some (sets of) automata networks can be simulated by some other (set of) automata networks with prescribed update mode or interaction graph.
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We will often consider semigroups of functions under compositions: $\documentclass[12pt]{minimal}
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*Previous Works.* Simulation of automata networks is the topic of two main strands of work. The first stream investigates what a single network can simulate. The main observation, made in \[[@CR2]\], is that there is no sequentially complete network for $\documentclass[12pt]{minimal}
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Another strand of work considers simulation by (possibly large) sets of networks. Firstly, Tchuente \[[@CR16]\] investigated what networks with a prescribed reflexive interaction graph *D* could simulate synchronously. The main result is that this set of networks $\documentclass[12pt]{minimal}
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*Our Contributions.* In this paper, we are further developing both strands of the theory of simulation of automata networks. We make the following contributions. We first consider simulation by a single network. Firstly, we show that for any $\documentclass[12pt]{minimal}
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Proof {#FPar1}
-----

Complete proofs of all lemmas, propositions and theorems can be found in \[[@CR3]\].

Sequential Simulation {#Sec2}
=====================
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Asynchronous Simulation {#Sec3}
=======================

In this section, we consider asynchronous simulation, where at each step we allow any update $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f^{(T)}$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T \subseteq [1,n]$$\end{document}$. We then refine the result in \[[@CR2]\] that there is no network that can sequentially simulate all singular networks.

We say that a function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h : B \rightarrow C$$\end{document}$, where *B* and *C* are finite sets, is balanced if for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c, c' \in C$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|h^{-1}(c)| = |h^{-1}(c')|$$\end{document}$. In particular, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f \in \mathrm {F}(n,q)$$\end{document}$ is bijective, then all its coordinate functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_v : [\![q ]\!]^n \rightarrow [\![q ]\!]$$\end{document}$ must be balanced.

Theorem 2 {#FPar3}
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Simulation Using Larger Alphabets {#Sec4}
=================================

As said earlier, there is no universal automata network in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm {F}(n,q)$$\end{document}$ (actually Theorem [2](#FPar3){ref-type="sec"} gives a stronger negative result). In this section, we revisit this problem when the simulator is allowed to use a larger alphabet. In this case we can consider two natural types of simulations: one requires the simulation to work on any initial configuration of the simulator and uses a projection onto configurations of the simulated functions; the other does not use projection, but works only on initial configurations using the alphabet of the simulated function.

Definition 1 {#FPar7}
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We are going to show that universality can be achieved for each kind of simulation. In both cases, the larger alphabet allows us to encode more information than the configuration of the simulated function. This additional information is used as a global controlling state that commands transformations applied on the simulated configuration and evolves according to a finite automaton. In the case of simulation by factor, the encoding is straightforward but the global controlling state is uninitialized. The key is to use a control automaton with a synchronizing word (see Fig. [1](#Fig1){ref-type="fig"}). In the case of simulation by initialization, the difficulty lies in the encoding.
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Theorem 3 {#FPar8}
---------
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Proof {#FPar9}
-----
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Claim 1 {#FPar10}
-------
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Proof {#FPar11}
-----
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Let us now show that, starting from , *f* can realize three kinds of transformations on *x* that will turn out to be sufficient to generate all $\documentclass[12pt]{minimal}
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Theorem 4 {#FPar12}
---------
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Simulation by Sets of Networks {#Sec5}
==============================

So far we studied what a single function can simulate. We know shift our interest to semigroups generated by some sets of functions.

Singular Instructions {#Sec6}
---------------------
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### Proposition 2 {#FPar13}

The semigroup *S*(*n*, *q*) generated by singular instructions consists of all networks *f* such that there exist $\documentclass[12pt]{minimal}
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Any network *f* can be seen as a vertex colouring of the Hamming graph *H*(*n*, *q*) (*x* colored by *f*(*x*)). From the proposition above, networks in *S*(*n*, *q*) correspond to improper colouring. Since the chromatic number of *H*(*n*, *q*) is equal to *q*, we deduce that any network with rank at most $\documentclass[12pt]{minimal}
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### Theorem 5 {#FPar14}

*S*(*n*, *q*) is generated by assignment instructions for $\documentclass[12pt]{minimal}
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The previous result could be proved using the so-called fifteen-puzzle. In the original puzzle, an image is cut into a four-by-four grid of tiles; one of the tiles is removed, thus creating a hole; the remaining fifteen tiles are scrambled by sliding a tile into the hole. The player is then given the scrambled image, and has to reconstruct it by repeatedly sliding a tile in the hole.

Clearly, this game can be played on any simple graph *D*, where a hole is created at a vertex (say *h*), and one can "slide" one vertex into the hole, the hole thus moving to that vertex. If the hole goes back to its original place *h*, then we have created a permutation of $\documentclass[12pt]{minimal}
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### Theorem 6 {#FPar15}

**(Wilson's fifteen-puzzle theorem).** Let *D* be a 2-connected simple graph, then $\documentclass[12pt]{minimal}
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If *D* is not bipartite and has at least eight vertices, then $\documentclass[12pt]{minimal}
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Simulation by Graphs {#Sec7}
--------------------
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A graph is reflexive if for any vertex *v*, (*v*, *v*) is an arc in *D*. Note that for any reflexive graph *D* it holds $\documentclass[12pt]{minimal}
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### Theorem 7 {#FPar16}

Let *D* be a reflexive graph on *n* vertices. Then the following are equivalent.
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### Lemma 1 {#FPar17}

The following are equivalent for a reflexive graph *D*.
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### Proof {#FPar18}

*(Proof of Theorem*[7](#FPar16){ref-type="sec"}*).* Clearly, 1 implies 2, which in turn is equivalent to 3. We prove 2 implies 4. Let *D* such that $\documentclass[12pt]{minimal}
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We prove 4 implies 1. We only need to show that all instructions in $\documentclass[12pt]{minimal}
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                \begin{document}$$f^{([1,n])}$$\end{document}$ in order to be simulated asynchronously. Besides, the networks considered in Sects. [2](#Sec2){ref-type="sec"}, [3](#Sec3){ref-type="sec"} and [4](#Sec4){ref-type="sec"} have an unconstrained interaction graph. The situation could be very different when restricting all networks to particular a family of interaction graphs (bounded degree, bounded tree-width, etc.). Finally, still concerning interaction graphs, the characterization of Theorem [7](#FPar16){ref-type="sec"} is about reflexive graphs. We would like to extend it to any graph (not necessarily reflexive).
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